Abstract. We introduce a class of normal complex spaces having only mild singularities (close to quotient singularities) for which we generalize the notion of a (analytic) fundamental class for an analytic cycle and also the notion of a relative fundamental class for an analytic family of cycles. We also generalize to these spaces the geometric intersection theory for analytic cycles with rational positive coefficients and show that it behaves well with respect to analytic families of cycles. We prove that this intersection theory has most of the usual properties of the standard geometric intersection theory on complex manifolds, but with the exception that the intersection cycle of two cycles with positive integral coefficients that intersect properly may have rational coefficients.
Introduction
The theory of intersection for complex analytic cycles (with positive integral coefficients) on a complex manifold is more or less standard; see for instance [D. 69] or [T. 95] (see also [Fult] or [FMP] for the intersection theory in algebraic geometry). This theory for a complex manifold is thoroughly introduced in chapter VII of [B-M 2] where it is described in terms of fundamental classes for analytic cycles (see [B.80] ) and their cup products. The aim of the present paper is to extend this theory to a certain class of normal complex spaces having "nice enough" singularities that we have chosen to call nearly smooth. Every complex space with quotient singularities 1 is nearly smooth and to our knowledge there are no examples of a nearly smooth complex space that does not have quotient singularities. In fact this is related to a "classical" conjecture (see [K. 09] p. 83). But we will show that the nearly smooth complex spaces have some interesting stability properties and it is not clear that complex spaces with quotient singularities have all of them (see for instance theorem 1.1.6). The fundamental class of an analytic cycle X of codimension p in a complex manifold M is the global section of the local cohomology sheaf H p |X| (Ω p M ) defined by the integration current of X. Moreover, if two analytic cycles intersect properly on M then the cup product of their fundamental classes is the fundamental class of their intersection cycle. In order to generalize this theory to the nearly smooth case we have replaced Ω p M by ω p M , the sheaf of∂−closed (p, 0) currents (modulo torsion) introduced in [B.78] . But since M is normal ω p M is the natural extension to M of the sheaf of holomorphic p−forms on the non-singular part of M. We prove that this generalized intersection theory has most of the usual properties of the standard intersection theory on manifolds, as compatibility with pull-back, projection formula etc..., with the important exception that two cycles which have positive integral coefficients and intersect properly may have (positive) rational but not integral coefficients.
Nearly-smooth complex spaces
In this article all complexe spaces are reduced by hypothesis and analytic subsets are supposed to be closed unless otherwise stated.
Definition and first properties.
Let us recall two notions that will be of importance in the paper. The sheaf of∂−closed currents 2 of bidegree (p, 0) (modulo torsion) on a reduced complex space M will be denoted ω ) and in the case when M is normal this morphism is an isomorphism. In fact this is true, more generally, when the codimension of S in M is at least 2 (see [B.78] ). In this case we have a natural exterior product on the graded algebra p≥0 ω p .
We will denote by h
the O M −linear morphism which associates to a homorphic p−form the corresponding∂−closed (p, 0)−current on M.
In the sequel we shall use the following notion.
Definition 1.1.1 Let f : M → N be a holomorphic map between pure dimensional complex spaces. We say that f is geometrically flat if there exists an analytic family (F y ) y∈N of cycles in M parametrized by N such that for every y ∈ N the support |F y | of the cycle F y is the set f −1 (y) and for y very general in N the cycle F y is reduced.
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Roughly this means that, putting suitable non trivial multiplicities on the irreducible components of some fibres of f over a relatively small subset in N, the family of fibres will form an analytic family of cycles parametrized by N Remarks. Let f : M → N be a holomorphic map between two pure dimensional complex spaces and put d := dim M − dim N. i) If the map f is geometrically flat then it is open and equidimensional, i.e. dim x f −1 (f (x)) = d for all x. We also have a holomorphic fibre map
classifying the fibres of f (see [B-M 1] ). This is specially interesting when f is proper because in this case ϕ induces a holomorphic map into the space C d (M) of compact d−dimensional cycles in M which is a reduced complex space (see [B.75] 
or [B-M 1] and [B-M 2]).
For instance, when d = 0 and N is connected we obtain a holomorphic fibre map with values in Sym k (M) := M k S k where k is the degree of q. This is the most important case for this paper.
ii) In the case where N is a normal complex space the map f is geometrically flat if and only if it is equidimensional (see [B-M 1] ch.IV th. 3.4.1).
Lemma 1.1.2 Let q :M → M be a holomorphic map which is proper, finite and geometrically flat from a normal complex spaceM to a connected reduced complex space M. Then M is normal.
Proof. Let f be a locally bounded meromorphic function on an open set M ′ of M. Then g := q * (f ) has to be holomorphic on q −1 (M ′ ) asM is normal and q is proper. Now let ϕ : M → Sym k (M ) be the holomorphic fibre map of q. PutM ′ := q −1 (M ′ ) and compose the restriction of ϕ to M ′ with the holomorphic map Sym k (M ′ ) → C, which is induced by the first symetric function composed with the holomorphic map
Then we obtain a holomorphic map on M ′ which is easily seen to be equal to k.f at least at the generic points in M ′ . So f is in fact holomorphic on M ′ proving that M is normal.
Let q :M → M be a surjective holomorphic map between irreducible complex spaces and assume that q is proper and generically finite . Then by taking direct images of currents by q we obtain a graded O M −linear map
and a commutative diagram
where k denotes the generic degree of q. Such maps will be called trace maps. In what follows we will occasionally also use the symbol T race q for the composed map
. Now suppose moreover thatM is smooth, M is normal and q is finite, then we get a graded O M −linear pull-back morphism
which is compatible with the usual one, i.e.q * • h
It is defined in the following way:
′ \ S where S is the singular set of M. So its pull-back by q defines a holomorphic p−form on q −1 (M ′ ) \ q −1 (S). But, as M is normal, S has codimension at least 2 and then, q −1 (S) has also codimension at least 2. It follows that the holomorphic p−form q * (σ) extends to a section of the sheaf q * (Ω pM ) on M ′ asM is smooth. It is clear that this morphism is graded and O M −linear.
The following proposition is the initial point that leads us to introduce the notion of a nearly smooth complex space. Proposition 1.1.3 Let q :M → M be a surjective holomorphic map which is proper, finite and geometrically flat from a connected complex manifoldM to a complex space M. Then the (graded
Proof. Let k denote the degree of q. Then, outside of the branch locus of q, we clearly have
and consequently everywhere on M, as the sheaf ω
• M has no torsion.
Remarks.
i) The proof of lemma 1.1.2 consists in fact of showing that the
ii) The morphismq preserves the exterior product. For instance, any complex space having only quotient singularities is a nearly smooth complex space.
Terminology. When we have an open set M ′ in a nearly smooth complex space M and a proper, finite and surjective holomorphic map q :M ′ → M ′ from a complex manifoldM ′ , we shall say that q :M ′ → M ′ is a local model for the nearly smooth complex space M.
Our next proposition gives some basic properties of nearly smooth complex spaces. Proposition 1.1.5 A nearly smooth complex space M has the following properties:
• ) is a resolution of the constant sheaf C on M.
ii) M is Cohen-Macaulay.
iii) For any analytic subsets X and Y in M we have
has no non zero section with support in a nowhere dense analytic subset in X.
vi) For any proper and finite holomorphic map f : M → N of a nearly smooth complex space M to a complex space N the normalization of f (M) is a nearly smooth complex space.
The property vi) will be widely generalized (see the theorem 1.1.6 below).
Proof. All these properties are local so we may assume that we have a holomorphic surjective map q :M → M which is proper and finite of degree k whereM is a connected complex manifold. on an open neighbourhood U ′ of x in M and dγ = T race q (q * (α)) = k.α. This gives the exactness of the complex (ω
• ) in positive degrees. For p = 0, q * (α) is a locally constant function on V and so T race q (q * (α)) is also locally constant near x. So i) is proved.
-As the property ii) is local we may assume that we dispose of a local parametrization π ′ : M → U of M, where U is an open polydisc in C m , m := dim M, where the map π ′ is holomorphic proper and finite of degree l. Put π := π ′ • q. Since both M and U are smooth the direct image sheaf π * (OM ) is a free O U −module of rank k.l (= deg π). Then according to proposition 1.1.3 we have q * (OM ) ≃ O M ⊕K where K is the kernel of the trace map T race q :
This implies that the
U ; so it is a free O U −module of finite rank (equal to l). Hence M is Cohen-Macaulay. -Proof of iii). The analytic subsets q −1 (X) and
and for any analytic subset Z in M we have codim
-Proof of iv). It is enough to prove the statement for an effective Weil divisor D. Then q −1 (D) is a locally Cartier divisor onM and, since the problem is local, we may assume that there exists a holomorphic function g :M → C such that
be the holomorphic fibre map of q and let γ : M → C be the composition of Sym k (g) • ϕ with the last elementary symetric function (the product) s k : Sym k (C) → C. Then the Cartier divisor γ −1 (0) in M is equal to k.D, proving iv). -Proof of v). As the analytic subset q −1 (X) has pure codimension p in the complex manifoldM the sheaf H j q −1 (X) (Ω •M ) vanishes for j = p and the sheaf H p q −1 (X) (Ω •M ) has no non zero section with support in a nowhere dense analytic subset Y of q −1 (X). Now the functor q * is exact so we get
and the fact that ω The following interesting stability property of the nearly smooth complex spaces is a wide generalization of the point vi) of the proposition 1.1.5. Theorem 1.1.6 Let f : M → N be a surjective geometrically flat holomorphic map between a nearly smooth complex space M and an irreducible complex space N. Then N is nearly smooth.
Note that if we assume "a priori" that N is normal, it is enough to assume that f is surjective and equidimensional to conclude that N is nearly smooth.
Remark also that no properness assumption is made on f .
Proof. The assertion is local on N, and also on M because a geometrically flat map is open. So we may assume that we are in a model situation q :M → M. Then, as the map f • q is again geometrically flat, it is enough to prove the theorem for M smooth. 
Pull-back morphisms on nearly smooth spaces
Let q : T → S be a surjective, proper, finite and geometrically flat map between complex spaces. We say that an O S −morphismq
is commutative. We noticed in paragraph 1.1 that the map q admits such a pull-back morphism if T is a complex manifold, but this is also true if the map q factorizes through a complex manifold. In fact if q = q 1 •q 2 where both q 1 and q 2 are surjective, proper, finite and geometrically flat maps and q 1 admits such a pull-back morphism then so does q. Consider a cartesian diagram of complex spaces
where q is surjective, proper, finite and geometrically flat and Z is irreducible.
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Suppose also that we have an analytic cycle G whose support isZ, i.e. 
The integer d will be called the degree of G and denoted deg G.
For every open subset U in S and every β in Ω
and hence we get a graded
The following result is obvious. Lemma 1.2.1 In the situation described above suppose that q admits a pull-back morphismq
The cycle structure on Z × S T can come up in several different ways but two are the most important in the sequel.
-The first one is the reduced cycle given by the analytic set Z × S T .
-The other is obtained by the following procedure: assume that S is connected and let k := deg q. By composing the fibre map ϕ : S → Sym k (T ) of q with f we obtain a holomorphic map ϕ • f : Z → Sym k (T ) that defines an analytic family (X z ) z∈Z of 0−cycles in T parametrized by Z. Its graph cycle is an analytic cycle in Z × T and it will be denoted f * G if G denotes the graph cycle of q. Obviously
Remark that the direct image of the cycle f * G in Z is always equal to k.Z in this second case. Lemma 1.2.2 Let S be an irreducible complex space and q : T → S be a finite, proper and geometrically flat map. Let Z be a locally closed irreducible analytic subset of S, j : Z → S be the natural injection and G be the graph cycle of q.
Consider the cartesian square
and suppose we have a global section β of
Proof. Since ω p Z is a torsion free O Z −module the result is clear if Z is not contained in the singular part of S. Hence we may assume that Z is smooth and contained in the singular part of S. The problem being local on S along Z we may also assume that we have a finite and proper holomorphic map (local parametrization) π : S → U = V × W where V and W are polydiscs centered at the origins in C r and C n−r with r := dim Z and n := dim S, having the following properties:
• π * (V × {0}) = k.Z as cycles in S, where k := deg π.
Hence we obtain two analytic families of r−cycles in S and T parametrized by W .
with a W −proper support that induces ϕ on V × {0}. Let Φ andΦ denote the pull-backs of Φ 0 on S and T respectively. Then we get
Since (Z w ) w∈W is an analytic family andΦ has a W −propre support the function
is continuous on W . For all w in an open dense subset W ′ of W the cycle Z w is not contained in the singular part of S and consequently θ(w) = 0 for all w ∈ W ′ . Hence the function θ is identically zero, in particular θ(0) = 0, and we can conclude that T race j * G/Z (j * β) = 0.
Lemma 1.2.3 Let S be an irreducible complex space, q : T → S a finite proper and geometrically flat map and G be the graph cycle of q. Let f : Z → S be a holomorphic map from an irreducible complex space and denote byf :
Proof. Consider a stratification · · · ⊆ S 2 ⊆ S 1 ⊆ S 0 = S having the following properties:
• S j+1 is a nowhere dense analytic subset of S j such that S j \ S j+1 is smooth.
• The induced map
Then there is a unique j 0 such that f (Z) is contained in S j 0 but not contained in S j 0 +1 . Pick an irreducible component Σ of S j 0 that contains f (Z) and let ι : Σ → S denote the natural injection. Let g : Z → Σ denote the induced map and consider the commutative diagram
whereg, q 1 andι are the natural maps. Since Z is irreducible and ω Z is torsion free it is enough to show that the section T race f * G/Z (f * β) vanishes on some open non empty subset of Z. Let V be an open non empty q 1 −trivializing subset of Σ \ S(Σ) and let W be an open non empty π−trivializing subset of g −1 (V ). If we let k denote the degree of q then there exist (not necessarily different) sections σ 1 , . . . , σ k of q 1 such that
From lemma 1.2.2 we know that T race ι * G/Σ (ι * β) = 0 so we finally get
Remark. In the situation of lemma 1.2.3 suppose that q admits a pull-back morphismq * : ω S → q * Ω T and let k denote the degree of q. Then for any α ∈ ω
for any β ∈ Ω p T (T ) that verifies T race q (β) = α because, for such β, the holomorphic p−form β −q * ( 1 k T race q (β)) belongs to the kernel of T race q .
Lemma 1.2.4 Consider a cartesian diagram of complex spaces
where q is surjective, proper, finite and geometrically flat and Z is irreducible. Suppose also that we have an analytic cycle G whose support isZ and that q admits a pull-back morphismq
Proof. If f (Z) is not contained in the singular part of S the result is obvious. If f (Z) is contained in the singular part of S we use the same kind of arguments as in the proofs of lemmas 1.2.2 and 1.2.3.
Remark. The lemma 1.2.4 tells us that the O S −morphismf * 
where S and Z are irreducible, and q 1 : T 1 → S, q 2 : T 2 → T 1 are surjective, proper, finite and geometrically flat maps of degrees k 1 , k 2 (resp.). Denote respectively G 1 , G 2 and G the graph cycles of q 1 , q 2 and q. Then for any open subset V of S and any γ ∈ Ω
Proof. We show first that for any open subset U of Z and any β in Ω
To do so we first choose a nowhere dense analytic subset Σ of Z such that S(Z) ⊆ Σ, π 1 is a covering map over Z \ Σ and π 2 is a covering map over Z × S T 1 \ π −1 1 (Σ). Since the problem is local and the O Z −module is ω 
Then we obtain (2) by straightforward calculations. Now to prove (1) we take an open subset V of S and γ in Ω
Lemma 1.2.6 Consider the diagram of complex spaces and holomorphic maps
where S and Z are irreducible, q 1 and q 2 are proper, finite and geometrically flat of degrees k 1 , k 2 . For j = 1, 2 we suppose that q j admits a pull-back morphism
, we let G j denote the graph cycle of q j and f j : Z × S T j → T j denote the natural map. Then for every open subset U of S and every α in ω
Proof. Put T := T 1 × S T 2 and apply lemma 1.2.5 to the diagram
Theorem 1.2.7 Let f : Z → M be a holomorphic map from a pure dimensional reduced complex space to a nearly smooth complex space. Then there exists a unique graded pull-back morphismf
having the following properties.
i) The diagram
ii) Let q :M ′ → M ′ be a local model of degree k on M and let G denote its graph cycle. Then, for every α ∈ ω
iii) The morphismf * is a morphism of graded differential modules over the graded differential algebra (Ω
Proof. We cover M by local models and define a pull-back morphism for each local model by the formula in ii). Then by lemma 1.2.6 these pull-back morphisms glue together to the global morphismf * . The morphism verifies property ii) by construction and its uniqueness is again due to lemma 1.2.6. To show thatf * satisfies property i) we may suppose that we are in a local model; that corresponds to the following diagram
Let G be the graph cycle of q and put k := deg q. Then, for every α ∈ Ω
From ii) we immediately get iii).
Remarks.
i) If Z is a locally closed analytic subset in M then the theorem tells us that there is a natural restriction morphism ω
ii) From theorem 1.2.7 we see that if M is a nearly smooth complex space and π : M 1 → M is a desingularization of M, we have the identity of graded
As a nearly smooth complex space is normal and locally Q−Gorentein, it is Kawamata-log-terminal.
The functoriality of the pull-back morphismf * given by the next proposition will be useful. Proposition 1.2.8 Let f : Z → M and g : M → N be holomorphic maps where Z is a complex space and M and N are nearly smooth complex spaces. Then, for every open subset U of N and every α in ω
Proof. As the assertion is local, we may assume that we have local models for M and N,M → M and p :Ñ → N, and that α is a global section of ω
• N . We may also suppose that Z is irreducible, even smooth. Consider the commutative diagram
and let G 1 and G denote the graph cycles of q 1 and q 1 • q 2 (resp.). From lemma 1.2.4 we then have
where γ :=g * (p * (α))). On the other hand we also get from lemma 1.2.4 that
Since the mapM × NÑ → M factorizes through the mapM → M we obtain by lemma 1.2.5 and the remark made after lemma 1.2.3:
Then again from lemma 1.2.5 we finally get
Fundamental classes 2.1 Definition and first properties.
Notation and terminology.
• In this section a n−cycle in M means a locally finite sum of irreducible n−dimensional analytic subsets with positive integers as coefficients.
• • For an analytic subset X in a complex space M we shall denote H 
so we can identify the two sheaves. By composing this isomorphism with the morphism
we get an O M −linear map (which we will also denote by T race q )
Notation. Let Y be a n−cycle in a nearly smooth complex space M of pure dimension n + p and let q :
where (ii) The image of Y is a connected sub-manifold Y 0 in U.
Note that these conditions imply that the pull-back cycle • Two holomorphic surjective proper and finite maps: q :M → M and π : M → U of degrees respectively equal to k and l.
• We have traces T race q :
As (π • q) * (Y 0 ) = l.X the compatibility of the pull-back of cycles with the pull-back of fundamental classes for a geometrically flat map between complex manifolds (see [B-M 2] chapter VI) gives
and this completes the proof as the right-hand side of the formula (3) does not depend on q but only of the choice of the local parametrization π of M.
We remark that the left-hand side of formula (3) does not depend on the choice of the local parametrisation π : M → U, so it gives an alternative computation of the fundamental class of the cycle X near a smooth generic point of |X| when |X| is contained in the singular set of M. This is a very special case of the theorem 2.2.4 below.
Some properties of the fundamental class. Let X be a cycle of codimension p in a nearly smooth complex space M.
• As in the smooth case the fundamental class c
annihilated by I |X| and consequently annihilated by exterior product by df for any f ∈ I |X| .
• The exactness in positive degrees of the de Rham complex (ω
• ) and the vanishing on M of the sheaves H j |X| (ω • M ) for all j = p show that we have a canonical isomorphism of sheaves
The image of the fundamental class [c M X ] by this morphism will be called the topological fundamental class of X in M.
Now let q :M ′ → M
′ be a local model of degree k on M. Then the following diagram is commutative
where the morphism T race 
f (y).
Hence the restriction to M ′ of the topological fundamental class
In a complex manifold the topological fundamental class of an analytic cycle Z is a global section of H Proof. As this statement is local, it is an immediate consequence of the analogous statement in the smooth case.
Relative fundamental classes.
Let S and M be two complex spaces and let p M : S × M → M denote the natural projection. We put ω
). For each s ∈ S let j s : M → S × M denote the injection given by x → (s, x). Then there exists a natural pull-back morphism j *
. Now suppose we have a local model q :M → M and consider the commutative diagram
The trace map T race q induces an O S×M −linear morphism
. and by definition we have
and p * (ω
Since q is a proper finite map the natural morphism
is an isomorphism 7 and by composing it with p * (T race q ) we get the relative trace map T race q/S : (id S ×q) * (Ω
• S×M/S . In the same way the pull-back morphismq : ω
It is an O S×M −linear section of T race q/S and consequently induces an isomorphism of ω
Let U be an open subset of M and, for each s in S, letj s :M → S ×M denote the injection x → (s, x). Then for every α in Γ(S × U, ω
In the sequel we will use the same symbols for the morphisms induced by the above morphisms on cohomology sheaves.
Lemma 2.2.1 Let S be a complex space, M a nearly smooth complex space and Z an analytic subset in S×M. Definition 2.2.2 Let S and M be two complex spaces and assume that M is nearly smooth. Let (X s ) s∈S be a family of cycles of (pure) codimension p in M such that its set theoretic graph
is a analytic subset in S ×M. We shall say that a section c of the sheaf H Remark. If such a relative fundamental class exists for the family (X s ) s∈S it is unique, thanks to the lemma 2.2.1.
Theorem 2.2.3 Let S and M be two reduced complex spaces and assume that M is nearly smooth. Let (X s ) s∈S be a family of cycles of (pure) codimension p in M such that its set theoretic graph
is a analytic subset in S × M. Then the existence of a relative fundamental class c M X /S for such a family of cycles in M is equivalent to the analyticity of this family
Proof. As the assertion is local, on S × M we may assume that we have a local model q :M → M. The map q is geometrically flat so, if the family (X s ) s∈S is analytic in M, so is the family (q * (X s )) s∈S inM due to the pull-back theorem in [B-M 2] ch.VI . Conversely, if the family (q * (X s )) s∈S is analytic inM so is the family (X s ) s∈S thanks to the direct image theorem (see [B-M 1] ch.IV) and the fact that q * (q * (Y )) = k.Y for any cycle Y in M. Also the analyticity of the set theoretic graph of the family (X s ) s∈S or of the family (q * (X s )) s∈S are equivalent. The pull-back and push-forward by q give the equivalence of the existence of relative fundamental class for these families, completing the proof.
The following theorem shows that, for a geometrically flat map between two nearly smooth complex spaces, the pull-back of cycles is compatible with the pull-back of fundamental classes.
Theorem 2.2.4 Let f : M → N be a geometrically flat map (see definition 1.1.1) between two nearly smooth complex spaces and let Y be a cycle of codimension p in N. Denote alsof
the morphism induced by the pull-back morphismf
Proof. We know from [B-M 2] that the theorem is correct if both M and N are smooth so we are first going to consider the case where N is smooth. The question being local on M we may assume that we have a local model q :M → M of degree k and since the map f • q is geometrically flat we get
Due to proposition 1.2.8 we have (f •q)
By applying 1 k .T race q to both sides of this last identity we then obtain
In the general case, we may suppose Y irreducible. If Y is not contained in the singular part of N, the previous case is enough to conclude because the fundamental classes are determined by their restriction to an open subset meeting Y . If Y is contained in the singular set of N then, as the question is also local on N, we may assume that we have a local parametrization π : N → U, such that l.Y = π * (Y 0 ) where Y 0 is a smooth connected submanifold of the open polydisc U and l is the degree of π (see the proof of the theorem 2.1.1). The map π is geometrically flat (flat in fact, see the proposition 1.1.5 point ii)), so we may apply the previous case to the map π • f to conclude because c
) and π • f * =f * •π * thanks to proposition 1.2.8.
Corollary 2.2.5 In the situation of the theorem 2.2.4, if we have an analytic family (Y s ) s∈S of cycles of (pure) codimension p in N parametrized by a complex space S, the pull-back family (f * (Y s )) s∈S is again an analytic family, and its relative fundamental class is the S−relative pull-back by id S ×f of the relative fundamental class of the analytic family (Y s ) s∈S .
Proof. Combining the theorem 2.2.4 with the theorem 2.2.3 we obtain the analyticity of the pull-back of the analytic family of cycles in N 3 Geometric intersection theory in a nearly smooth complex space
Preliminaries
Our aim is now to establish a geometric intersection theory for analytic cycles in a nearly smooth complex space that is compatible with the smooth case. Some preliminaries are necessary and we begin by introducing the notion of a rational cycle.
Definition 3.1.1 Let M be a complex space. A rational n−cycle X in M is a formal sum
where the r j are positive rational numbers and (X j ) j∈J is the locally finite collection of irreducible components of a closed analytic subset |X| of pure dimension n in M. This subset |X| will be called the support of the cycle X. If the sum is empty, the corresponding cycle is by convention the empty n−cycle in M and its support is the empty set.
The analytic cycles in the ordinary sense are the rational cycles whose coefficients are all integral. In this context we will call them integral cycles.
When we consider a family of rational cycles in a complex space M the following condition will be important.
Definition 3.1.2 We shall say that a family (X s ) s∈S of rational cycles in a complex space M parametrized by a Hausdorff topological space S satisfies the condition
We shall say that the family (X s ) s∈S satisfies the condition (D) on M if for any (s, x) ∈ S ×M there exists open neighbourhoods S ′ and M ′ respectively of s in S and of
Definition 3.1.3 Let S be a complex space. We shall say that a family (X s ) s∈S of rational cycles in a complex space M parametrized by S is analytic (resp. continuous) if it satisfies the condition (D) and if, for any open set S ′ ×M ′ and any integer d such that d.X s ∩ M ′ is an integral cycle for all s ∈ S ′ the family (d.X s ∩ M ′ ) s∈S ′ of integral cycles is analytic (resp. continuous).
Important remark. Using the previous definition, it is immediate to extend all results obtained in the sections 1 and 2 to the case of rational cycles in nearly smooth complex spaces.
Let X and Y be two irreducible analytic subsets in a nearly smooth complex space M. Then by proposition 1.1.5 iii) we have
and from this we see that the equality codim M X ∩ Y = codim M X + codim M Y implies that X ∩ Y is of pure codimension.
Definition 3.1.4 Let M be a nearly smooth complex space and let X and Y be two rational cycles in M of (pure) codimensions p and p ′ . We shall say that X and Y intersect properly in M when the intersection |X| ∩ |Y | is either empty or when it has (pure) codimension p + p ′ .
We notice that if X and Y intersect properly each irreducible component of |X| and each irreducible component of |Y | intersect properly.
Theorem 3.1.5 Let M be a nearly smooth complex space and let X and Y be two integral cycles that intersect properly in M. Then there exist a unique rational cycle
Proof. Without loss of generality we may suppose that X and Y are irreducible analytic subsets of M. Since M can be covered with local models it is enough to prove that for two local models q 1 :
We notice first that on the regular part M 
Hence, if no irreducible component of X ∩ Y is contained in the singular part S(M ′ ) the result holds, since in that case the cycle
In the general case we can, by shrinking M ′ if necessary, find two analytic families of integral cycles (Z s ) s∈S and (W t ) t∈T in M 1 , parametrized by open neighbourhoods of the origins S and T in some numerical spaces having the following properties (see [B-M.2] chapter VII).
• For all (s, t) the cycles Z s and W t intersect properly.
• For all (s, t) in an open dense subset of S × T no irreducible component of
Then ((q 1 ) * Z s ) s∈S and ((q 1 ) * W t ) t∈T are analytic families of cycles in
(q 1 ) * W s form analytic families of rational cycles such that X 0 = X and Y 0 = Y . It follows that the two families of cycles
are both analytic and coincide on an open dense subset of S × T . Consequently they are identical and in particular for (s, t) = (0, 0) we get
This completes the proof.
Definition 3.1.6 In the situation of theorem 3.1.5 the rational cycle X ∩ M Y is called the intersection cycle of X and Y in M.
Remarks.
i) Theorem 3.1.5 provides us with a geometric intersection theory for rational analytic cycles on nearly smooth complex spaces. This theory is local, i.e. for any open set M ′ in a nearly smooth space M and every pair (X, Y ) of cycles that intersect properly in M we have
We notice that for a smooth open set M ′ in M the identity map is a local model of degree 1 for M ′ so the intersection theory on M ′ is the usual one.
This theory generalizes the usual intersection theory for integral analytic cycles in complex manifolds.
ii) Let q :M → M be a local model of degree k and suppose that we have two analytic families of integral cycles (X s ) s∈S , (Y s ) s∈S in M such that X s and Y s intersect properly in M for all s in S. Then (q * (X s )) s∈S and (q * (Y s )) s∈S are analytic families of cycles inM and consequently so is (q
It is worthwhile to point out that the proof of the theorem 3.1.5 contains the following result. 
The fundamental class of an intersection
In general trace morphisms do not commute with exterior product of differential forms, but all the same we have the following important result.
It is easy to see that M is the image of the holomorphic map
and we let q : C 2 → M denote the induced map. The map q is proper, finite and surjective, so M is nearly smooth and in fact M ≃ C 2 /{±1}. Consider the reduced cycles X := {x = z = 0} and Y := {y = z = 0} in M. They are both of pure codimension one and they intersect properly in M. We see that q * (X) is the reduced line D := {u = 0} in C 2 and that q * (Y ) is the reduced line D ′ := {v = 0} in C 2 . These two lines are transversal at the origin and consequently D ∩ C 2 D ′ = 1.{0}. As q * (1.{0}) = 1.{0} (because q is bijective from {0} to {0}) we obtain X ∩ M Y = 
Hence we get On the other hand we obtain
Remark. Since intersection of analytic cycles in a complex manifold is both commutative and associative, we easily deduce from formula (6) that the same is true for intersection of analytic cycles in a nearly smooth complex space.
3.3 Generalization of X. f Y Theorem 3.3.1 Let f : M → N be a holomorphic map between complex spaces where M is of pure dimension and N is nearly smooth. Let X be a cycle in M and Y be a cycle in
Then there exists a unique cycle in M, denoted X. f Y , characterized by the following properties:
The cycle X. f Y is called the f −intersection product of X and Y .
Example. Let f : M → N be a geometrically flat holomorphic map from a complex space to a nearly smooth complex space 8 . Then every fibre of f is of
and consequently the cycle M. f Y is defined. We shall show in lemma 3.3.3 that in this case we have M.
Theorem 3.3.2 Let f : M → N be a holomorphic map from a pure dimensional complex space to a nearly smooth space. Let (X s ) s∈S and (Y s ) s∈S be analytic families of cycles in M and N parametrized by a reduced complex space S. Assumme that for each s ∈ S the cycle X s . f Y s is well defined in M. Then the family of cycles
Proof. We may assume that we have a closed embedding j :
s∈S are analytic families of cycles in the nearly smooth space M 1 × N, and remark ii) following definition 3.1.6 allows us to conclude. 
Proof. As our problem is local on N, we may assume that we have a local model q :Ñ → N of degree k. But as the problem is also local on M, we may assume that we have a closed embedding j : M ֒→ M 1 of M into a complex manifold M 1 . Consider the following diagram
where p andp are the natural maps. The identity p • (j × f ) = f is obvious and for any cycle Z in M 1 × N such p * (Z) is defined we have the equalitỹ
By additivity, it is enough to prove (8) for an irreducible Z. In this case if d is the generic degree of the induced map Z → p(Z), q * (p * (Z)) is d times the graph cycle of the family of fibres of q parametrized by the set |p * (Z)|, and the cyclẽ p * (id ×q) * (Z) is clearly equal to p * (Z), as (id ×q) * (Z) is the graph cycle of the family of the fibres of (id ×q) parametrized by Z.
Note that id ×q : M 1 ×Ñ → M 1 × N is a local model of degree k for the nearly smooth space M 1 × N. Then we have, with Z := (j × f ) * (X):
; the projection formula forp gives :
and by (8)
This concludes the proof.
The next theorem shows an important compatibility property between the pull-back of cycles, f −intersection and the intersection in a nearly smooth complex space, generalizing the standard analogous compatibility for complex manifolds. 
Proof. The cycle X. f Y is defined when
so the cycles M. f Y and X intersect properly in M and the first assertion of the theorem is proved.
As we assume that M is nearly smooth, we have
is a consequence of the hypothesis that X. f Y is defined and of the fact that M is nearly smooth.
To prove the identity (9) we may assume that we have an embedding j : M → M 1 where M 1 is a complex manifold and in the sequal we will refer to the following commutative diagram
where π and π 1 are the natural projections. Notice that (id M , f ) * M is the graph of the map f and will be denoted G f . Lemma 3.3.6 In the situation above we have the following identities:
Proof. To prove i) we use the projection formula for π to get
To prove ii) we use the commutativity of the diagram above and the projection formula for j × id N to get
We now deduce (9) from lemma 3.3.6 by using the associativity of intersection and the projection formula for π:
The following corollary is an interesting application of the previous theorem and the projection formula.
Corollary 3.3.7 Let M be a nearly smooth complex space, P an analytic subset of M and suppose that P is nearly smooth. Let X be a cycle in P and Y a cycle in M such that Y intersects both X and P properly in M. Then the cycle X and P ∩ M Y intersect properly in P and we have
Proof. It is clear that X and P ∩ M Y intersect properly in P . If we let j : P ֒→ M denote the inclusion map, then the precise meaning of (10) is
But from theorem 3.3.5 and the projection formula for j we get
and that completes the proof.
We only sketch the proof of the following theorem leaving standard details to the reader. Sketch of proof. Let j : M → M 1 be a local closed embedding of M in a complex manifold M 1 . The result is consequence of the associativity of the intersection in the nearly smooth complex space M 1 × N × P for the three cycles (j, f, g • f ) * X, (id M 1 ×N , g) * (M 1 × Y ) and M 1 × N × Z which meet properly in M 1 × N × P , noticing that the intersections
correspond respectively to the cycles M 1 × (Y. g Z), X. f (Y. g Z), (j, f, g) * (X. f Y ) and (X. f Y ). g•f Z.
Some formulae for direct image of fundamental classes
As in the case of a holomorphic map between complex manifolds, the computation of the fundamental classe of a direct image cycle will be consequence of two special cases : the case of a (local) embedding in a nearly smooth complex space and the case of the natural projection π : M 1 × N → N where M 1 is a complex manifold and N is a nearly smooth complex space. This is enough to follow the computation of fundamental classes in the projection formula (see theorem 3.3.4). So we begin with the behavior of the fundamental class in a closed embedding of nearly smooth complex spaces. Proof. The assertion is local on N so we may assume that we have a local model q :Ñ → N. Thenq := (id M 1 × q) : M 1 ×Ñ → M 1 × N is a local model for the nearly smooth complex space M 1 × N. The corresponding result for complex manifolds gives, for the cycleZ :=q * (Z), a morphism
where we noteπ the projection M 1 ×Ñ →Ñ andỸ :=π * (Z). This morphism induces the direct image of∂−closed currents with supports in |Z| (resp. in |Ỹ |) in the corresponding moderate cohomologies and sends the integration current of Z in M 1 ×Ñ to the integration current inÑ of the cycleỸ . It is then an easy to conclude using the direct image by q and proposition 1.1.3.
